In this paper we demonstrate that it is possible to apply collocation to compute vibrational energy levels of a five-atom molecule using an exact kinetic energy operator (with cross terms and coordinate-dependent coefficients). This is made possible by using: 1) a pruned basis of products of univariate functions; 2) a Smolyak grid made from nested sequences of grids for each coordinate; 3) a collocation method that obviates the need to solve a generalized eigenvalue problem; 4) an efficient sequential transformation between the (nondirect product) grid and the (nondirect product) basis representations; and 4) hierarchical univariate functions that make it possible to avoid storing large intermediate vectors. The accuracy of the method is confirmed by computing 500 vibrational energy levels of methane. * Gustavo˙Avila@telefonica.net † Tucker. Carrington@queensu.ca, 1 Gustavo Avila and Tucker Carrington Jr. † Chemistry Department, Queen's University, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, y, Kingston, Ontario K7L 3N6, Canad ad ad ad ad ad ad ad ada a a a a a a a a a a a a a a a a a a a a a a a a 
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I. INTRODUCTION
When perturbation theory is not adequate, vibrational energy levels and wavefunctions are usually determined by solving an eigenvalue problem, AU = BUE. For molecules with more than about four atoms, this is difficult for two reasons: 1) the matrix (matrices) A (and B) is (are) large and therefore computing eigenvalues and eigenvectors is costly; 2) simply calculating matrix elements (or if an iterative eigensolver is used) and matrix-vector products is costly. In most calculations of this kind, A = H represents the Hamiltonian operator in a chosen basis. This approach is called collocation. [4] Collocation reduces the cost of 2), i.e. the cost of computing matrix elements and matrix-vector products. In a series of papers, we have developed a collocation method for computing vibrational spectra. [5] [6] [7] [8] In a variational method, the H elements are integrals. Collocation obviates the need to evaluate integrals. Collocation has other advantages: 1) errors in energy levels and wavefunctions can be systematically reduced by improving only the basis (it is not necessary to also improve the quadrature) [9] ;
2) there is no need to choose coordinates and basis functions to facilitate evaluation of matrix elements of the kinetic energy operator (KEO); 3) whereas, in a variational calculation it is costly to compute matrix elements of coordinate-dependent G matrix elements, [10] in a collocation calculation it is only necessary to evaluate coordinate-dependent G matrix elements at points.
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We u masses used in Ref [19] .
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Watson's extra potential term [18] is added to the potential. For methane, π T µπ shifts many of the lowest 500 energy levels by tens of cm −1 . The coordinate dependence of µ has a small effect on levels, but it costs nothing to include it in our collocation calculation. 
where G c (n c ) are monotonically nondecreasing functions. In Section V C we specify the G c (n c ) used for methane. The interpolant is made using G c and i c = 1, 2, · · · , where i c labels an interpolation level for coordinate c q. An interpolated wavefunction is
where D is the number of coordinates. The 1D ∆U ic are
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where KU is the matrix obtained by evaluatingKI(
K is the KEO. To obtain K, we use the fact that the Smolyak interpolant can be written as a restricted sum of products of hierarchical basis functions,φ nc ( c q),
Theφ nc ( c q) are special linear combinations of the original basis functions ϕ nc (x c ).
T transforms a vector labelled by points to a vector labelled by indices of hierarchical basis functions. This is like a DVR to FBR transformation (but neither theφ n 1 (
basis nor the k 1 , k 2 , · · · k D grid is a direct product). Putting Eq. (8) into Eq. (7) and then applyingK to it and at evaluating at [
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. (7) is related to
T T T T T T T T T T T T T T T T T T T T
tr tr tr tr tr tr tr tr tr tr tr tr tr tr tr tr tr tr tr tr tr tr tr transforms a vector labelled by points to a vector labelled by indices of hiera functions. This is like a DVR to FBR transformation (but neither theφ eẽ n 1 ( generalized) matrix eigenvalue problem
which is solved using ARPACK. [31] ARPACK is a re-started Arnoldi method. This requires evaluating matrix-vector products, w = (K + V)z, where z is an Arnoldi vector.T is multiplied onto z by evaluating sums over
The KEO is then applied by sequentially evaluating sums over n 1 , n 2 , · · · n D .
IV. MATRIX-VECTOR PRODUCTS FOR A GENERAL KEO: 9D EXAMPLE
We must evaluate the matrix-vector product (MVP) (K + V)z. The rows and columns of K and V and the components of z are labelled by points on the Smolyak grid. Because V is diagonal the only costly MVP is done with K. In a previous paper, it was shown that the K MVP is best done by first transforming z from the grid to a (pruned) hierarchical basis expansion and then, in a second step, applyingK and evaluating at points on the Smolyak grid. [6] Transforming z from the grid to an hierarchical pruned basis expansion requires one set of D constrained sums and each term of the KEO requires another set of D constrained sums. When using a direct product basis, it is well-established, with or without quadrature, that it is best to evaluate the sums sequentially. [25, [32] [33] [34] [35] [36] [37] [38] [39] The same idea can be used with a pruned basis. In this paper, the KEO has cross terms and it is therefore necessary to store one vector with more elements than the Smolyak grid (see below).
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which is solved using ARPACK.
-sta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta ta tart rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rt rted ed ed ed ed ed ed ed ed ed ed Arnoldi metho quires evaluating matrix-vector products, w = (
, where z is an Arno is multiplied onto z by evaluating sums ov ov ov over er er er er er er er er er er er er er er er er er er er er ver r r r r r r r r r r r r r r n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n 1 , n 2 , · · · n D .
IV. MATRIX-VECTOR PROD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD OD ODUC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UC UCTS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS TS FOR A GENERAL KEO: 9D E
We must evaluate the matrix-x-x-x-x-x-x-x-ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve ve vect ct ct ct ct ct ct ct ct ct ct ct ct ct ct ct ct ct ct ct ct ctor or or or or or or or or or or or or or or or or or or or or or or or or or or product (MVP) (K + V)z. The rows of K and V and the co co co co co co co co co comp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mp mpon on on on on on onen en en en en en en en en en en en en en en en en en en en en en en en en en en en en en en ents ts ts ts ts ts ts ts ts ts ts ts ts ts ts ts of z are labelled by points on the Smolyak g basis expansion on on on on on on on on on on on on on on on on on on on on on on on on on on on on on an an an an an an an an an an an an an an an an an an an an an and
the he he he he he he he he he he he he he he he he he he he he he he he he hen, n, n, n, n, n, n, n, n, n, n, n, in a second step, applyingK and evaluating at p Smolyak g k g k g k g k g k gri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri ri rid.
. [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6 [6] 
T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ] T ]
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The intermediate vector obtained by computing the sum over k c is denotedṽ c ;ṽ out =ṽ 9 .
In Ref [8] , it is explained that because c T is lower triangular, the number of elements of theṽ c vectors is only as large as the Smolyak grid. In general, the indices ofṽ c are constrained by
and the indices ofṽ c−1 are constrained by
From the constraint on the indices ofṽ c−1 , one determines a restriction on k max c
. It is,
where
It is also advantageous to limit the values of k c so that k c ≤ n c because otherwise ∆B nc+1 kc,nc = 0. Therefore,
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Knowing the k max c in Eq. (11) and that n c assumes the values 0, 1, · · · , n max c
, it is possible to computeṽ out .
In the final step of the calculation of Hz, one multipliesṽ out , which is labelled by basis indices, on the left by [Kφ n 1 (
and sequentially sums over the basis indices. This is done separately for each term in the KEO. For terms with a first or a second derivative with respect to c q, the output vector is computed by evaluating a D-fold sum for which the summand is a product of D factors andṽ out . D − 1 of the factors are collocation matrices whose elements are
Dth factor is a matrix whose elements are
. . It is useful to order the factors, and the sums, so that c S is on the right. The sum is, for example for the
We denotez c the intermediate vector obtained after evaluating the sum over n c . Since the c ′ C factors are upper triangular [6] the indices ofz c are constrained by G c (k 
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are not upper triangular. It is useful to order the factors, and the sums, so that s S and t S are on the right and so that from left to right the sums are over
The sum is, for example for the
For the vectorz s , the elements are constrained by
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The KEO of Eq.
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t t t t t t t t t t t t t t t t t t t t t t t t is obtained from the constraint on vector whose components ar
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A. Original basis functions
We use as original basis functions eigenfunctions of the 1D operatorŝ
i.e. the basis functions are
where The basis functions of the previous subsection are organized into levels. The functions n c = 0, 1, · · · , i c − 1 are used to make U ic . To use the collocation method of section III, one must also choose, for each coordinate, a nested set of points with m c (i c ) = i c points in level i c . In a nested set of points, the points used to make U ic are also used for U ic+1 . Using nested points and functions makes it possible to evaluate matrix-vector products efficiently . [6] It is best to have a sequence in which the number of points increases slowly as i c is increased.
In this paper we use Leja points associated with the harmonic oscillator functions of the previous subsection. [8, [47] [48] [49] [50] [51] [52] Since we use dimensionless normal coordinates, the ϕ nc ( c q)
are the same for all coordinates and the Leja sequence of interpolation points is the same for every coordinate. The Leja points we use are determined as in Ref [8] . We use equations written in terms of hierarchical (not harmonic) basis functions,φ nc ( c q), however, the Leja points work equally well when using the hierarchical functions.
Leja points are obtained for the harmonic basis from the equation
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One is free to choose the k = 0 point. In this paper, q 0 = 0. Since the ϕ n (q) are even or odd, the other interpolation points should be plus/minus pairs. Therefore when we use Eq.
33, we restrict the Leja points so that q k+1 = −q k for k = 1, 3, 5, · · · as in Ref [8] .
For example, q 2 = −q 1 and q 1 is determined by maximizing the function,
where C 1,0 ϕ 0 (q) is the interpolant for ϕ 1 (q) computed with the single basis function ϕ 0 (q) and the single point q 0 and C 2,0 ϕ 0 (q)) is the interpolant for ϕ 2 (q) computed with the single basis function ϕ 0 (q) and the single point q 0 . Similarly, q 4 = −q 3 and q 3 is determined by maximizing the function
where C 3,0 ϕ 0 (q) + C 3,1 ϕ 1 (q) + C 3,2 ϕ 2 (q) is the interpolant for ϕ 3 (q) made with the basis {ϕ 0 (q), ϕ 1 (q), ϕ 2 (q)} and the points {q 0 , q 1 , q 2 } and C 4,0 ϕ 0 (q) + C 4,1 ϕ 1 (q) + C 4,2 ϕ 2 (q) is the interpolant for ϕ 4 (q) made with the basis {ϕ 0 (q), ϕ 1 (q), ϕ 2 (q)} and the points {q 0 , q 1 , q 2 } Points are added to the Leja sequence in groups of two, however, to make interpolation rules we use m c (i c ) = i c , i.e., U k has one more point than U k−1 . The points included in
The G c (n c ) determine how many and which basis functions and points are used to make the interpolant for a particular value of H. As in previous papers, we use G c (n c ) that are step functions. We do calculations with two sets of G c (n c ): set A and set B. For example, q 2 = −q 1 and q 1 is determined by maximizing the function, (ϕ 1 (q) − C 1,0 ϕ 0 (q)) 2 + (ϕ 2 (q) − C 2 C C ,0 ϕ 0 (q)) )) )) )) )) )) )) )) )) )) 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 , where C 1,0 ϕ 0 (q) is the interpolant for ϕ 1 (q) computed with t h
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Set A is: 
for coordinates 1,2, 3 and 4; and 
for coordinates 5,6,7,8 and 9. Different values are used because coordinates 1,2, 3 and 4 have significantly higher frequencies. After adding the H dependent shift, we obtain the final G c (n c ):
(39) h(H) is an increasing function of H. Values for different calculations are given in the Results
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for coordinates 5,6,7,8 and 9 The G c (n c ) of set B are made using the same principles, however, pairs of G c (n c ) values are forced to be equal. This is done to ensure that if the Smolyak interpolant includes,
Set B makes it possible to exploit symmetry. Each of the multidimensional product basis functions is either symmetric or antisymmetric with respect to the operator that permutes two hydrogen atoms, P 12 .
[53] It is surely possible to use a group larger than G 2 = {E, P 12 }, but G 2 allows us to demonstrate the ideas. P 12 divides configuration space into a symmetrically unique region, its image region, and a boundary. The points on the Smolyak grid can be divided into three groups: those in the symmetrically unique region, those in its image region and those on the boundary between the two. P 12 maps points in the symmetrically unique region onto points in the image region. We use Arnoldi vectors with as many components as the sum of the number of points in the symmetrically unique region and the number of points on the boundary. Each vector is then expanded so that it includes as many components as there are points on the full Smolyak grid. A vector is expanded by adding components at image points that are equal to ±1 times components at the symmetrically unique points. When it is plus, the vector represents a symmetric function; when it is minus, the vector represents an antisymmetric function. After expanding the vector we evaluate MVPs in the usual fashion. [6, 8] Note that because we expand the vectors we do not reduce the size of the largest vectors we must store. In this respect this symmetry adaption method is similar to the symmetry adapted Lanczos method. [54, 55] ) 7) 7) 7) 7) 7) 7) 7) 7) 7) 7) 7) 7) 7) 7) (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (2 (22) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) 2) = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 2 = 202 02 02 02 02 02 02 02 02 02 02 02 02 02 02 02 02 02 02 02, B are re re re re re re re re re re re re re re re re re re re re re ma ma ma ma ma ma ma ma ma ma ma ma ma ma ma ma ma ma ma ma ma ma ma made de de de de de de de de de de de de de de de de de de de de de de de de de us us us us us us us us us us us us us us us us us us us us us us us us usin in in in in in in in in in in in in in in in in in in in in ing the same however, pairs of G c (n c ) values are forced to be equa ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ua ual.
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Ps in in in in in in in in in in in in in in in in in in in th th th th th th th th th th th th th th th th the usual fashion. [6, 8] Note that because we expand the vectors du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du du duce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce ce th th th th th th th th th th th th th th th th th th th th th th th th th th th the size of the largest vectors we must store. In this respect this symme me me me me me me me me me me me me me me me me me me me me me me me me meth th th th th th th th th th th th th th th th th th th th thod is similar to the symmetry adapted Lanczos method. [54, 55] To fin point of q, we first convert normal to Cartesian coordinates and then permute Exploiting symmetry makes it possible to label wavefunctions as symmetric or antisymmetric. It also has the advantage that it reduces error. Why? The energy levels we compute from collocation are exactly equal to those that one would obtain by solving HU = SU E, where H is a matrix representation of the Hamiltonian and S is an overlap matrix, if all of the H and S matrix elements are evaluated by a quadrature whose points are the collocation points. [9] This means that choosing collocation points to make H and S matrix elements more accurate will increase the accuracy of the corresponding collocation energy levels and wavefunctions. H and S matrix elements between symmetric and antisymmetric functions will be exact (and zero) when evaluated on the grid determined from set B.
They are zero because symmetric (antisymmetric) basis functions evaluated at a point in the symmetrically unique set and evaluated at its image point are equal (differ only in sign). Unfortunately, the same G c must be used for both the grid and the basis and the G c required (with G c (2n c − 1) = G c (2n c )) to ensure that the full grid is divisible into symmetrically unique, image, and boundary subsets may give a basis that is less good. The error in energy levels computed by collocation can always be attributed to a combination of quadrature error and completeness error. [9] VI. RESULTS
To test the convergence of the vibrational levels we compare levels computed with different values of H and h. Increasing H increases simultaneously the size of the basis and the interpolation grid. 
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VII. CONCLUSION
Why is it important to develop a collocation method for computing spectra of molecules with five (or fewer) atoms with an exact KEO? If the PES is a sum-of-products or multimode expansion, in the coordinates with which the spectrum is computed, then there is no need for collocation. There are excellent methods designed to work well when the PES has one of these simple forms.
[56, [58] [59] [60] [61] For a general PES, it is necessary to use either quadrature or collocation. Of course, the first challenge is to find a basis with which one can compute the desired energy levels and wavefunctions but whose favourable properties, e.g.
its small size or its simple structure, make solving the required matrix eigenvalue problem not too costly. However, for a general potential a good basis is not enough. One must also obviate the need to store the potential on a huge (collocation or quadrature grid). When contracted basis functions are used, one option is to use the F matrix idea of Ref [62] [63] [64] .
Contracted bases are also used with PESs simple enough that a grid is not necessary. [65] If rather than contracting the basis, one prunes a direct product basis, [66] it is likewise necessary to find a way of doing quadrature or collocation that avoids the need for a huge grid. Nondirect product Smolyak grid quadrature methods make this possible. [12] [13] [14] [15] [16] [17] They work, so why should one care about collocation? Spectra computed with the Smolyak quadrature methods are only accurate if the quadrature is good enough that the overlap matrix computed by quadrature is correct. It is not simple to devise nested 1D grids from which one can build a Smolyak quadrature grid that satisfies this condition. To do this, we used [12] [13] [14] [15] harmonic oscillator basis functions and extended the grids of Heiss and
Winschel [67] . Other authors prefer to use non-nested points and compute MVPs for every contributing grid in the Smolyak quadrature sum. [16, 17] This is costly. Finding nested sets of quadrature points with which the overlap matrix is exact is even more difficult if one uses general (not harmonic) basis functions. For many molecules, 1D cut eigenfunctions are much better basis functions.
Using collocation, it is possible to compute accurate energy levels using 1D basis functions 1 c
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A collocation method was proposed in Ref [6] . In that paper, to circumvent the problem of needing a basis and a quadrature good enough to yield an accurate overlap matrix, it was necessary to store many intermediate vectors that were significantly larger than basis. In
Ref [8] it was shown that when the KEO has no mixed momentum terms and no coordinate dependent coefficients it is possible to obviate the need to store vectors larger than the basis.
However, for molecules with more than three atoms, all KEOs have have mixed momentum terms and coordinate dependent coefficients, and they cannot be ignored if one wishes to do numerically exact calculations. In this paper, we show that for such complicated KEOs similar ideas can be used. It is necessary to store only one vector larger than the basis and it is not much larger than the basis. It is important to be able to cope with complicated KEOs because this allows one to use optimal coordinates. Using a variational/quadrature method with a general complicated KEO is costly because it is necessary to evaluate matrix elements of all the G matrix elements by quadrature. When using a collocation method, with a KEO written so that derivatives are on the right, the coordinate dependence of the G matrix elements is easy to deal with because the G matrix elements need only be evaluated at points. Using collocation in conjunction with optimized coordinates will make it possible to do calculations for many interesting molecules.
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